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Abstract

In this paper we examine the effect of contact angle (or surface wettability) on the convective heat transfer coefficient in microchan-
nels. Slip flow, where the fluid velocity at the wall is non-zero, is most likely to occur in microchannels due to its dependence on shear rate
or wall shear stress. We show analytically that for a constant pressure drop, the presence of slip increases the Nusselt number. In a micro-
channel heat exchanger we modified the surface wettability from a contact angle of 20�–120� using thin film coating technology. Appar-
ent slip flow is implied from pressure and flow rate measurements with a departure from classical laminar friction coefficients above a
critical shear rate of approximately 10,000 s�1. The magnitude of this departure is dependant on the contact angle with higher contact
angles surfaces exhibiting larger pressure drop decreases. Similarly, the non-dimensional heat flux is found to decrease relative to laminar
non-slip theory, and this decrease is also a function of the contact angle. Depending on the contact angle and the wall shear rate, vari-
ations in the heat transfer rate exceeding 10% can be expected. Thus the contact angle is an important consideration in the design of
micro, and even more so, nano heat exchangers.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Fluid flow in microchannels has received much research
interest due to its seemingly endless applications [1,2]. Up
to now three main application areas have driven the
research: (1) two-phase flow for ink jet printing which
was probably the first microfluidic application; (2) high
surface area heat sinks for high-flux computer chip cooling
using multiple microchannel arrays [3]; and (3) lab-on-a-
chip or micro total analytical systems that increase the
speed and sensitivity of chemical processes, and often
0017-9310/$ - see front matter � 2006 Elsevier Ltd. All rights reserved.
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involve heating and temperature control of reagents and
products [4]. The second and third application areas both
involve convective heat transfer from a solid to a fluid,
which is a process not well understood in microfluidic
channels due to the relative dominance of surface forces
over body forces. This fact has driven the recent increase
in interest in convective heat transfer in microchannels,
where a reliable heat transfer rate prediction method is
required for efficient device design.

For macro-scale heat transfer design there are numerous
well-established correlations for the Nusselt number (non-
dimensional heat transfer coefficient) that depend on the
flow conditions. Recently however, there has been consid-
erable debate in the literature over the applicability of these
macro-scale Nusselt number correlations to microfluidic
flow [5–10]. This is due, primarily, to the large variation
in experimental data, which we have plotted in Fig. 1.
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Nomenclature

cp specific heat (J/kg K)
Dh hydraulic diameter, equals 2 W in parallel plates

(m)
f friction factor
�h convective heat transfer coefficient (W/m2 K)
H width of channel
L length of channel
_m mass flow rate (kg/s)
NuDh Nusselt number based on hydraulic diameter
P pressure (Pa)
Pe Peclet number = RePr

Pr Prandtl number = cpl/j
q00 heat flux (W/m2)
ReDh Reynolds number based on the hydraulic diam-

eter
T temperature (K)
u velocity (m/s)
w half the height of channel (m)

W channel height (m)
x coordinate in width direction (m)
y coordinate in height direction (m)
z coordinate in flow direction (m)

Greek symbols

js, jf solid and fluid thermal conductivity (W/m K)
l liquid viscosity (Pa s)
_c shear rate (s�1)
k wall conduction number (see Eq. (6))

Subscripts

m mean value
c centreline value
hf uniform heat flux
s slip
T uniform temperature
w wall
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       Author        Material     Dh   Max Shear (s-1)
 Wu et al  [17]*      Si         60        1x105

 Wu et al  [17]*     SiO2       60        1x105

 Lelea et al [11]   S.S      125        4x104

 Tso et al [6]        Al    700        1x102     (4kW/m2)
 Tso et al [6]        Al    700        1x102     (8kW/m2)
 Peng et al [10]*  S.S      150        5x104

 Qu et al  [10]       Si         60        1x105

Fig. 1. Comparison of Nusselt number as a function of Reynolds number
for laminar convective liquid heat transfer in microchannels. S.S = stain-
less steel, contact angle 75�, Al contact angle 70�, Silicon 20�–80�
depending on processing steps, SiO2 6 20�. The asterix alongside the
reference denotes that conditions of test were not thermally fully
developed.
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The fully developed macro-scale laminar Nusselt number
based on the hydraulic diameter, NuDh is known to be
constant, with values between approximately 3 and 8
depending on the channel cross sectional shape and the
boundary condition. As Fig. 1 shows, most of the current
experimental data is far from constant or even close to
the expected values except for the result of Lelea et al.
[11] which is for a relatively low shear rate. There are var-
ious reasons for the lack of consistency in the experimental
data, but most are due to the following:
• Approximations and assumptions made (such as linear
interpolation of the difference between inlet and outlet
temperatures) due to the difficulty in measuring bulk
fluid temperatures. It is almost impossible to place a
temperature sensor in a microchannel without effecting
the flow [12,13].

• Entrance effects dominating the heat transfer [14].
• Heat loss due to the increased surface area to volume

ratio in microchannels relative to macro-channels [15].
• Relative dimensional tolerances in fabrication leading to

higher dimensional uncertainties than those in macro-
channels.

• Axial conduction, due to the thickness of the wall rela-
tive to the channel dimension, destroying assumed ideal
conditions [15,16].

• Ill-defined surface variability such as roughness and
hydrophobicity [17].

While most of the points mentioned above are reasonably
well understood, there is little data on the effect of contact
angle on the heat transfer rate, even within the work relat-
ing contact angle to slip flow (where there exists a non-zero
fluid velocity at a solid wall) and the associated reduction
in pressure drop (see, for example, a recent review article
by Lagua et al. on slip effects in microfluidics [18]).

1.1. Slip flow

The effect of contact angle on slip flow and pressure
drop has been well documented both experimentally [19–
22] and by using molecular dynamics simulations [23–25].
On the other hand, there is a lack of experimental data
on the effect of the contact on the heat transfer rate. Slip
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flow is an important consideration because it may allow,
with careful surface property selection, a significant reduc-
tion in the friction pressure drop and thus the pumping
power required for micro heat-exchangers and other micro-
fluidic devices. While the underlying physical cause of slip
is not fully understood, what is clearly known is that an
apparent slip occurs more readily on non-wetting surfaces
(hydrophobic), on rough surfaces, and at high shear rates.
Slip may therefore become important in microchannels, as
surface modification can be designed and assembled into
microdevices, surface roughness becomes significant rela-
tive to the channel size, and due to their small dimensions,
it is possible to obtain large shear rates (Section 2).

Molecular slip, where the fluid molecules tumble along
the wall much like two solid surfaces sliding over one
another, occurs when the forces between the fluid and wall
molecules are not strong enough to overcome the shear
forces at the wall. This decoupling of the fluid from the wall
equates to lower frictional pressure drops, and similarly, we
propose, to higher interfacial thermal resistance (or
reduced heat-transfer coefficient).

A further reason why slip may be important in convec-
tive heat transfer is that higher temperatures may induce
larger slip velocities. Ruckenstein and Rejora [26] used
thermodynamic relations to show how an axial tempera-
ture gradient can have a major effect on the molecular slip
by changing the chemical potential gradient at the solid/
fluid interface. However, their theory is problematic: it
makes the unphysical assumption of a gap between the
liquid and solid molecules, and it has, as yet, no direct
experimental support.

1.2. Critical shear rate for slip flow

Many studies have shown either directly or indirectly
that there is a critical wall shear rate for the onset of molec-
ular slip. The first identification of this was the molecular
dynamics simulation by Thomson and Troian [24]. Exper-
imental evidence for critical shear rates and their approxi-
mate values is summarised in Table 1. The concept of a
critical shear rate is consistent with slip being observed in
microchannels in certain circumstances. For a given Rey-
nolds number, the shear rate is inversely proportional to
the square of the channel height (cf. Section 2). This means
that shear rates in microchannels will be much higher than
in macro-channels for the same Reynolds number. This
also explains why slip has not been seen in macro-size
Table 1
Example of some critical shear rates extracted from the literature from
which either a critical shear rate was specified, or where it has been
inferred from the departure of hydrophobic and hydrophilic data

Authors Critical shear rate (s�1) Comments

Wu and Cheng [17] �50,000 Roughness �10 nm
Zhu and Granick [20] �10,000 Roughness �10 nm
Choi et al. [19] �10,000 Roughness <5 nm
channels with the exception of Watanabe et al. [27] who
observed a large pressure reduction effect in approximately
10 mm diameter tubes with a rough hydrophobic surface.
The effect that they observed was probably due to the sur-
face area reduction of the wetted wall associated with
trapped air in the large surface roughness (�20 lm) and
not molecular slip.

1.3. Contact angle and heat transfer

Given that the contact angle of a liquid affects frictional
pressure drop, it is likely that it will also affect the convec-
tive heat transfer rate. There have been investigations using
molecular dynamics simulations [25,28,29] of a stagnant
fluid sandwiched between two solids, that show the exis-
tence of a temperature jump between a wall and a fluid
(i.e. an interface thermal resistance) that increases mark-
edly with contact angle. The temperature jump due to slip
is well established in rarefied gases, (see for e.g. [30,31]), but
the effect of slip on heat transfer in liquids is different
because the fluid/wall interaction is the dominant factor.

There is only one experimental study that reports the
effect of contact angle on the convective heat transfer rate
in microchannels [17]. That study is limited to comparing
flow inside silicon and silicon dioxide microchannels, and
it shows a decrease in the pressure drop and the Nusselt
number for the silicon microchannels, which are more
hydrophobic, of up to approximately 10% relative to the
silicon dioxide channels (depending on the Reynolds num-
ber). While the authors give no associated explanation for
this variation in behaviour it is probably due to slip flow.

Given that apparent slip reduces pressure drop, in this
paper we investigate the effect of the contact angle on the
heat transfer rate using a specially designed heat exchanger
where the surface contact angle can be varied reliably. We
simultaneously measure the heat transfer rate and the pres-
sure drop to test for a relationship between the effect of
contact angle on pressure drop and heat transfer rate.

2. Theory

Consider the parallel geometry in Fig. 2 that shows a
schematic of the temperature and velocity profile between
parallel plates that can be essentially regarded as two-
dimensional. The velocity profile for flow between parallel
plates with no-slip is given by [32]

u
uc

¼ 1� y
w

� �2
� �

; ð1Þ

where u is the fluid velocity, uc is the channel centreline
velocity (maximum velocity), y is the vertical coordinate
with its origin at the centre of the channel, and w is half
the channel height. The maximum shear rate occurs at
the wall and can be written as

du
dy

����
y¼w

¼ _cmax ¼
3um

w
¼ 3ReDhm

2w2
; ð2Þ
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Fig. 2. Schematic of ideal 2D flow and heat transfer (q) between parallel
plates showing velocity (u) and temperature (T) profiles.
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Fig. 3. Effect of slip on the non-dimensional temperature profile for two
different slip velocities.
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Fig. 4. Relative change in the Nusselt number due to slip-induced flow-
rate variations only (from Eq. (5)).
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where ReDh is the Reynolds number based on the hydraulic
diameter, Dh = 2w, and m is the kinematic viscosity. Eq. (2)
illustrates the fact that for a fixed Reynolds number the
maximum shear rate scales as the reciprocal of the channel
height squared.

The incorporation of a slip velocity as a boundary con-
dition to solve the Navier–Stokes equations is often used
(e.g. [19]). To examine how a slip velocity would affect
the fully developed Nusselt number we can rewrite Eq.
(1) to include a slip velocity, us

u ¼ uc 1� y
w

� �2
� �

þ us: ð3Þ

Using Eq. (3) in the energy equation one obtains a non-
dimensional temperature profile (for a derivation see
Appendix A) given by

T fw � T
T fw � T w2

¼ 1

4
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Eq. (4) shows that for constant heat flux and driving pres-
sure the effect of slip is to decrease the temperature of the
fluid, with the maximum decrease being near the centre
(about 1% for a relative slip velocity of 10%). This effect
is shown in Fig. 3.

The fully developed Nusselt number for slip flow is given
by (see Appendix A)

NuDh ¼
4 4

3
þ 2us

uc

� �2

1:32� us

uc
3:7þ 8

3
us

uc

� �h i : ð5Þ

Eq. (5) shows that when the slip velocity is zero, the Nusselt
number is equal to the standard no-slip value of 5.35 for
flow between parallel plates [32]. Given that in the deriva-
tion of Eq. (5) we have fixed the heat flux at the wall and
the wall temperature as boundary conditions, the net tem-
perature change of the fluid decreases due to the increased
net flow rate for the same pressure drop. In reality the wall
temperature would not be fixed, and it would be expected
to increase due to the increased thermal resistance between
the wall and the fluid. Fig. 4 shows the relative change in
the fully developed Nusselt number (Eq. (5)), for different
values of the slip velocity, induced by the increased flow
rate. For example the Nusselt number increases by approx-
imately 2% for a 10% ratio of slip velocity to centre line
velocity.

3. Experiments

In the experiments we want to produce the conditions
most conducive to slip, which are high shear rates and high
contact angle (hydrophobic) surfaces. Fig. 5 shows the
schematic designs of the heat exchanger and the measure-
ment system. The heat exchanger channel width is much
greater than its depth (aspect ratio 102), in order to reduce
the effects of sidewalls and has one wall at a constant heat
flux (or temperature depending on the flow rate) while the
other wall is adiabatic. This is a well-studied geometry
(parallel plates) for which the Nusselt number is a constant
5.35 for constant heat flux or 4.86 for constant temperature
boundary conditions.
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Fig. 5. (a) Schematic diagram of heat exchanger and (b) schematic of experimental setup.
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The heat transfer surface consists of 2 mm thick brass
imbedded into a Poly(methyl methacrylate)—PMMA or
its trade name Perspex—base and polished flat using a
Logitech PM5 precision lapping and polishing machine.
The RMS roughness of the brass, measured by an atomic
force microscope, was found to be approximately 50 nm
(Fig. 6) and less than half of this for the PMMA. The chan-
Fig. 6. Atomic force microscope image of a section of polished brass
(RMS roughness approximately 50 nm).
nels were made by attaching an adhesive film onto a micro-
scope slide and cutting the channel out using a template.
The glass slide with channel was clamped to the heat
exchanger to seal. The channel depth was measured with
a microscope after sealing. Heating was provided by a
10 W 47 X. resistor bonded to the back of the brass using
high thermal conductivity epoxy (Tra-Con 2902) and
heated with a calibrated HP power supply. Six 70 lm dia-
meter type T thermocouples were imbedded in the brass,
and one thermocouple was imbedded on each side of the
brass in the PMMA, with their tips at the centre of the
channel. Small diameter wires were used to minimise
conduction losses. A thermocouple was also placed at the
centre of the inlet and outlet channels.

The temperature measurement system was calibrated
against a traceable platinum resistance thermometer in a
uniform temperature water bath. Pressure measurements
were made with a calibrated Honeywell 26PC01KOxxa
pressure sensor. Data was captured to computer via a high
precision National Instruments 4350 16 bit data logger via
constant temperature terminal block. An Alltech 626
HPLC pump with a flow rate range of 0.001 to 12 ml/
min was used for continuous pumping. Estimated uncer-
tainties in the measurements are given in Table 2.



Table 2
Uncertainties in measured quantities

Value Uncertainty

Pressure (Pa) 150 + 2%
Temperature (K) 0.15
Flow rate (ml/min) 2%
Channel height (lm) 3

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0

2

4

6

102

103

104

(b)

(c)

(a)

N
u D

h
H

ea
t f

lu
x

(W
/m

2 )
(T

(x
) w

a l
l- 

T in
)m

c p
/q

"

 Pe = 175, λ= 0.2
 Pe = 10, λ  = 3
 CFD Pe =175
 CFD Pe =10

4.86

x/L

Fig. 7. (a) Non-dimensional wall surface temperature profile vs non-
dimensional distance along heater, for both experiments (70� contact
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The heat exchanger surface contact angle was varied by
depositing thin layers of various materials on both the top
of bottom channel surfaces using either plasma polymer
deposition [33] or electron beam evaporation. The hydro-
phobic polymer was perfluorocyclohexane with a contact
angle of 120� measured with OCA surface tensiometer.
The polymer thicknesses were measured to be approxi-
mately 10–20 nm which, with the heat fluxes used, gave a
negligible temperature drop. The hydrophilic layer was
50 nm SiO2 with a contact angle of less than 20�. The work-
ing fluid was triply distilled water that was degassed prior
to use, and the complete heat exchanger was insulated with
2 cm thick polystyrene. The heat input ranged from
approximately 0.2 W to 5 W depending on the flow rate
in order to keep a temperature difference between 7 and
25 �C and minimise differential thermal expansion.

3.1. Axial conduction

Axial conduction, which is the heat that is conducted
axially along a channel wall instead of into the fluid, can
be significant in microfluidics because the channel walls
often have a considerably larger cross sectional area than
the fluid channels. Numerical simulations of our system
using CFD-ACE1 showed that, even for the largest exper-
imental flow rates, the wall boundary condition never
reaches uniform heat flux conditions [34]. Subsequent
experiments and numerical simulations found that signifi-
cant heat was being transferred axially along the wall.

The ratio of conduction heat transfer through a channel
wall, to the convective heat transfer to the fluid from the
wall, assuming the same temperature difference for the
two processes, has been presented previously as a non-
dimensional number to define compact heat exchanger effi-
ciency [35] (see Eq. (3)). This number, re-arranged, has
been recently applied to microfluidics and is given by [35]:

k ¼ AsDhjs

AfLjf

1

Pe
; ð6Þ

where As and Af are the cross sectional areas of the solid
wall and fluid respectively, L is the channel length, j is
the thermal conductivity, and Pe is the Peclet number given
by ReDhPr.

Given a uniform heat flux on a channel outer wall, for
low values of k (<0.01) axial conduction can be considered
negligible, and the fluid/solid surface boundary condition
1 www.cfdrc.com
will be close to being uniform heat flux. Conversely, for
higher values of k axial conduction becomes more impor-
tant, and the boundary conditions approach uniform tem-
perature for infinite k. Microfluidic channels are generally
characterised by large As/Af and low Pe, hence the ten-
dency for axial conduction to become significant.

An example of the heated brass-wall temperature for a
low and high Pe (high and low k) number case is shown
in Fig. 7a, which contains experimental and numerical data
in good agreement. For uniform wall temperature the plot
would be flat, while for uniform heat flux the graph would
have a linear dependence on distance. It is clear that for the
higher k case with the lower flow rate, the conditions are
more like a uniform wall temperature, while for the lower
k case the conditions are neither uniform temperature nor
heat flux. In either case a linear interpolation of the wall
or the fluid temperature would be erroneous, and this
may be why papers that have assumed this have non-stan-
dard Nusselt numbers that vary with Reynolds number.
The simulated distributions of heat flux and Nusselt num-
ber for the two flow rates are shown in Figs. 7b and c. For
the lower flow rate, all the heat is essentially transferred in
the first 10% of the heat exchanger. After that the Nusselt
number approaches the fully developed laminar value of
4.86. The higher flow rate case evolves from an almost uni-
form heat flux Nusselt number of approximately 5.35, to
the value for uniform temperature of 4.86 when there is
considerably less heat being transferred. Thus for the range
of conditions to be tested, even though the external bound-
ary condition consists of uniform heat flux, the fluid does
not experience a uniform boundary condition due to vary-
ing effects of wall conduction. This common problem in
microfluidics can, in the most part, be overcome by using
thin film heaters and thin insulating substrates [36].
angle) and using CFD assuming no-slip. (b) Heat flux distribution and (c)
Nusselt number distribution that has the value for constant temperature
boundary conditions indicated.

http://www.cfdrc.com
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4. Results

We report measurements of the pressure drop and heat
transfer rate in the micro heat exchanger for three different
contact angles, in order to determine the effect contact
angle has on slip and to see if this affects the heat transfer
rate.

4.1. Pressure drop

Fig. 8 shows the pressure drop as a function of maxi-
mum shear rate for surfaces with contact angles of 20�,
70�, and 120� both unheated and with heating. The channel
spacings for the three contact angle cases were 71 lm,
75 lm, and 72 lm, respectively. The pressure drops for
the heated cases have been corrected for temperature-
induced viscosity variations so that they are equivalent to
the fluid being at 21 �C. The straight line in Fig. 8 repre-
sents a best fit to the data below a shear rate of 5000 s�1.
For pure no-slip laminar conditions the data should follow
the straight line for all shear rates. The data departs from
the no-slip line above a shear rate of approximately
10,000 s�1, which is consistent with the critical shear rate
for slip in previous studies (see Table 1). As we do not mea-
sure the velocity profile directly we can only infer apparent
slip from departure of the pressure data from no-slip
expectations.

Not apparent in the data of Fig. 8 above a shear rate of
10,000 s�1, is the dependency of the departure from no-slip
conditions on contact angle and heating. Departures from
no-slip predictions increase with both contact angle and
heating. Different ways to plot the data in Figs. 9 and 10
bring out this aspect of the data.

A more general way of comparing the data (with differ-
ent channel dimensions) is to use the non-dimensional fric-
tion factor given by f ¼ DP

L Dh=0:5qu2
m. Fig. 9 shows the
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Fig. 8. Pressure drop as a function of shear rate at the wall for different
contact angle cases. The straight line is a linear line of best fit for the data
at shear rates less than 5000 s�1.
friction factor multiplied by the Reynolds number, as a
function of the Reynolds number. For no-slip, laminar
flow between parallel plates, fRe is a constant 24. For the
lower values of Reynolds number, fRe tends to be slightly
higher than the laminar no-slip value of 24. This is most
probably due to the uncertainty in the channel spacing.
What is clear, however, is that for Reynolds numbers
greater than approximately 20 there is a definite decrease
in the data. From Fig. 9 it may be difficult to discern the
effect of contact angle. To help filter out the noise in the
data we have plotted the gradient of the data as the insert
of Fig. 9 for Reynolds numbers greater than 20 (when the
shear rate is high enough for the data to diverge from no-
slip conditions). The insert plot indicates a clear depen-
dence of the rate of friction factor decrease on the contact
angle. The lower the contact angle the lower the gradient or
the lower the rate of divergence from no slip conditions.
For fully wetting surfaces (a contact angle of zero) we
would not expect slip and thus the gradient should be zero.
Interestingly there is a small difference between the heated
and unheated cases which, while not being the same mag-
nitude, is quantitatively the same predicted by the theory
of Ruckenstein and Rajora [26] who quote that a tempera-
ture gradient of 4.45�/cm can produce slip magnitudes with
equivalent pressure drop reductions of 1 atm/cm.

4.2. Heat Transfer

The data in Figs. 8, 9 show that the frictional pressure
drop decreases due to slip above a critical shear rate, with
the magnitude of the decrease depending on the contact
angle. We now report on how slip affects the heat transfer
rate. Fig. 10 shows the ratio of heat transferred to the fluid
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for Pe > 100. For no-slip conditions with a uniform heat flux boundary
condition the gradient should be approximately 1.3.
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to the electrical heat input as a function of Reynolds num-
ber or wall conduction parameter k. The measured heat
transfer rate, q, was calculated using q ¼ _mcpðT out � T inÞ.
As the Reynolds number increases (everything else kept
constant), a larger proportion of heat is transferred to
the fluid. At lower Reynolds numbers there is more chance
for heat loss and a larger proportion of the heat is con-
ducted through the solid and away from the fluid. There
is little difference in the data for different contact angles
apart from the 20� case ratio increasing rapidly after a
Reynolds number of approximately 20 while the other
two cases stabilize.

In order to compare results with slightly different con-
ditions and geometry we will use the non-dimensional
Nusselt number. As mentioned previously it is almost
impossible to measure the true Nusselt number, defined
in Eq. (A.9) because of the difficulty of measuring the bulk
fluid temperate in microchannels. Instead we follow [37]
and define a non-dimensional heat flux for no-slip condi-
tions as

Nu�w ¼
q00meanW

jðT w � T inÞ
; ð7Þ

and by assuming a uniform wall temperature,

Nu�w;T ¼
w _mcp

jHL
1� exp �HL�h

_mcp

� �� �

¼ Pe
w
L

1� exp
�1

Pe
L�h
j

� �� �
: ð8Þ

Given that �h is very high due to the small dimensions

Nu�w;T � Pe
W
L
: ð9Þ

Similarly we can calculate Nu�w;hf assuming uniform heat
flux with linear fluid and wall temperature distributions as
Nu�w;hf � Pe
W
L

1

Pe j
L�hþ 0:5

 !
: ð10Þ

Fig. 11 shows data for Nu�w
L
W vs Pe, which, for laminar

flow, with uniform temperature heat-transfer wall condi-
tions should lie on the straight line indicated. For no-slip
conditions the data will deviate from the straight line as
the Peclet number increases due to the wall boundary con-
ditions changing from uniform temperature to uniform
heat flux, as seen in Fig. 7. This will increase the Nusselt
number by a factor equal to the ration of Eqs. (9) and
(10). At the same time slip flow will decrease the Nusselt
number by lowering the heat transfer coefficient. Fig. 11
shows clearly that the departure from the uniform temper-
ature boundary condition line for the higher contact angle
case is smaller than that for the other two cases with less
slip.

Similar to the pressure drop data, the effect of contact
angle on the results is highlighted in the inset graph of
Fig. 11 by plotting the gradient of the data for values of
Peclet number greater than 100 (where slip may start to
occur). This figure clearly shows the dependence on the
deviation from uniform temperature boundary conditions
as a function of contact angle, with the lower contact angle
(hydrophilic) case having highest deviation. The gradient
calculated using Eq. (10) (uniform heat flux conditions)
for a Peclet number of 160 is approximately 1.3 which is
very close (especially considering that we do not have uni-
form heat flux conditions) to the extrapolated value of zero
contact angle from Fig. 11 inset. These results clearly show
that the higher contact angle surfaces (hydrophobic) tend
to decrease the heat transfer coefficient relative to wetting
surfaces, most probably due to slip flow. The magnitude
of the effect of slip is larger than predicted by Eq. (5) most
probably due to an associated temperature jump with slip
flow that has not been taken into account in the equation.
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Given that the heat transfer coefficient decreases with
slip, one would expect an associated increase in the wall
temperature relative to a no-slip case due to the higher
resistance to heat transfer. This is evident in Fig. 7 where
the no-slip CFD results are in good agreement with the
experimental results in the no-slip, low Peclet number
region but are lower than experimental results for the
higher Peclet number case where slip is occurring.
5. Conclusions

We have investigated the effect that liquid/surface con-
tact angle has on the pressure drop and heat transfer rate
in microfluidic channels. We have, for the first time,
derived a fully developed laminar Nusselt number that
takes into account the effect of having a slip velocity
boundary condition. We have shown experimentally that
the pressure drop decreases relative to that expected with
non-slip theory above a critical shear rate and that this
decrease is dependent on the contact angle. We have attrib-
uted this to slip flow that is known to occur more readily
on hydrophobic surfaces and above a critical shear rate.
Associated with the decrease in pressure drop is a concur-
rent decrease in the convective heat transfer coefficient
which again is more pronounced for hydrophobic surfaces.
This effect could have been overlooked previously due to
the large axial conduction effect in microfluidic channels
that tend to wash out more subtle effects, or due to the
onset of turbulence in the larger channels at the higher
shear rates. Slip flow is thus an extremely important for
micro and in particular nano heat exchanger designs as
heat transfer rates may decrease more than 10% at high
shear rates. Surface roughness was kept at a constant
50 nm RMS so we cannot say how surface roughness inter-
plays with these results. Further experiments are underway
to reduce the uncertainties in measurement to further
highlight slip effects and to include the effect of surface
roughness. Future Nusselt number correlations for fully
developed laminar flow in microchannels will include con-
tact angle and shear rate.
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Appendix A

Referring to Fig. 2, with fully developed flow, assuming
no axial conduction, dT

dz ¼
dT w1

dz ¼
dT w2

dz where T is the fluid
velocity and the subscripts w1 and w2 refer to the two
walls, and z is the axial coordinate. The governing equation
for the energy balance in two dimensions becomes, with Pr

the Prandlt number,
u
dT
dz
¼ m

Pr
o2T
oy2
¼ u

dT w1

dz
: ðA:1Þ

Substituting Eq. (3) into Eq. (A.1) gives

o2T
oy2
¼ Pr

m
uc

dT w1

dz
1� y

w

� �2

þ us

uc

� �
: ðA:2Þ

Integrating Eq. (A.2) with respect to y/w, and using the
boundary condition that oT

oy ¼ 0 at y = w gives

oT
oy
¼ Pr

m
uc

dT w1

dz
y
w

1þ us

uc

� �
� 1

3

y
w

� �3

� 2

3
þ us

uc

� �� �
: ðA:3Þ

As we are only looking at the effect of fluid slip on the heat
transfer rate, we make the assumption that even though
there is velocity slip there is no temperature discontinuity
at the heat flux wall. In reality we expect there to be a tem-
perature jump at the interface of the heat transfer wall and
the fluid [25,28]. Integrating again with the boundary con-
dition at y = �w, T = Tfw, the fluid temperature profile is
then given by

T fw � T ¼ Prw
m

uc
dT w1

dz
13

12
� 1

2

y
w

� �2

þ 1

12

y
w

� �4

þ 2

3

y
w

� ��

þ us

uc

3

2
� 1

2

y
w

� �2

þ y
w

� �� ��
: ðA:4Þ

Assuming that the conductivity of the fluid at the surface is
equal to the bulk thermal conductivity of the fluid, k,
(again, with molecular slip, this may not be the case) then
with q00w ¼ �k oT

oy

���
y¼�w

substituted into Eq. (A.3) gives

q00ww
k ¼ � Prw

m uc
dT w1

dz
4
3
þ 2 us

uc

� �
. This can be substituted into

Eq. (A.4) in order to give the temperature distribution in
terms of the applied heat flux, the fluid thermal conductiv-
ity and the channel dimension.

T fw � T ¼
q00ww

k

4
3
þ 2 us

uc

� � 13

12
� 1

2

y
w
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þ 1

12

y
w
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þ 2

3

y
w

� ��

þ us

uc

3

2
� 1

2

y
w

� �2

þ y
w

� �� ��
: ðA:5Þ

If we assume that the top wall is adiabatic then at y = w,

T = Tw2. Therefore, T fw � T w2 ¼
q00ww

k
4
3þ2us

ucð Þ
4
3
þ 2us

uc

� �
¼ q0ww

k ,

which, when combined with (A.5) gives the non-dimen-
sional temperature profile as a function of relative slip
velocity as

T fw � T
T fw � T w2

¼ 1

4
3
þ 2 us

uc

� � 13
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� 1

2
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w
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þ us
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� �2
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: ðA:6Þ

The mean bulk fluid temperature is given by T m ¼
1
_m

R
A quT dA where the mass flow rate is _m ¼
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R
A qudA ¼ wquc

4
3
þ 2us

uc

� �
. As

R
A quT dA¼ qucw

R 1

�1
u
uc
½T fw�

ðT fw�T Þ�dðywÞ. As we get

T m ¼
wquc

wquc
4
3
þ 2us

uc

� � 4

3
þ 2us

uc

� �
T fw � 1:32

q00ww
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q00ww
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Therefore

T m� T fw ¼
q00ww

k
1

4
3
þ 2us

uc

� �2
1:32� us

uc

3:7þ 8

3

us

uc

� �� �
: ðA:8Þ

Now

NuDh ¼
q00Dh

ðT m � T fwÞk
; ðA:9Þ

where the hydraulic diameter for parallel plates is 4w.
Substituting Eq. (A.8) into Eq. (A.9) gives the Nusselt

number for uniform heat flux and pressure drop including
a slip velocity, as shown in Eq. (5).
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